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Proof transfer examples

Inductive nat := O | S : nat — nat. Inductive Z := Pz : nat — Z | Nz : nat — Z.

Inductive binnat := Obin | NPos : positive — binnat.

You have: You need:
(X+y=y+Xx) | %Z (n+m=m+n).
(foldl + [2; 3; 5] = 10) | %list nat (foldl + [2; 3; 5] = 10) [alisEZ)

ind nat | nat ind nat -

One would like to discharge them by pressing a button
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Proof transfer frameworks via parametricity translations

« “Raw” parametricity translation (J.-P. Bernardy, P. Jansson, and R. Paterson)

. Univalent parametricity translation (N. Tabareau, E. Tanter, and M. Sozeau)

« CoqEAL (M. Dénes, A. Mortberg, and V. Siles)

Latest: Trocq (C. Cohen, E. Crance, and A. Mahboubi)
Generalizes previous parametricity translations
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Proof transfer requirements

In User provides Trocq translates
1. 5%N into 5%Z a relation between A and B type A into type B
a proof the container preserves through a type parametric
2. list nat into list Z proof , P g ypep
the relation container
3. vec nat into vec Z | a relation between A and A type A into type A

For inductive types with type parameters and recursion, no indices
This work generates 2. and 3. automatically
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Trocq’s hierarchy

Param,, ;AB:=Y¥R: A — B — O.(M,R) x (M, R)

(M, Ta,b.(mR(a,b)) ° (Rm(a,b)) = id

- mR A Rm
- mR : Ila,b.m(a) = b — R(a,b) - Rm : Ila,b.R(a,b) - m(a) = b
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Pros/cons of supporting weaker relations

Pros

 Supports weaker relations
« Enables avoiding the univalence axiom when possible

Cons

- Preserving relation across a container requires to prove
II(AB: 0)(R : Param,, ,AB),Param,, , (list A)(list B)
 Not translating a type requires to prove

Param,, ; AA
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A parametricity translation for inductive types

« Bottom-up derivation of the lattice
o Careful implementation of intermediate data requirements so coherence can be proven
o Strategy: postponing the elimination of identities

Implementation in ELPI built upon param2 (C. Cohen) and derive (E. Tassi) plugins, currently
automatically generating:

1. Param,, (AB preservation for parametric containers

2. Param,, (AA

For inductive types with type parameters and recursion, no indices
Find it at https://github.com/Tvallejos/trocq/tree/rocqpl-26/std/algo
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An example derivation: nat

Inductive nR : nat — nat — Type := Fixpoint nM n := match n with
|OR:nROO |O=>0
|SR:¥nm,nRnm— nR(Sn)(Sm). |Sn'=>S (nMn') end.

generate projS : nat — nat and Sproj : vV n1 n2, S nl = S n2 — projS n1 (S n1) = projS n1 (S n2)

Definition nmR n1 n2 : Definition nRm n1 n2 :
natM nl1 = n2 — nR nl n2 := by inductionon  nRnln2 — natM nl = n2 :=
nl and n2. On the diagonal, use nR Kth by induction on nR, f_equal and IH.
constructor, Sproj and IH. Discriminate
outside it.

generate SprojSK: constructor cancels with the projection

Definition nat coh n1 n2 (nR : nR n1 n2):
nmR __ (nRm nl n2 nR) = nR := by induction on nR, rewrite under SprojSK and IH
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Another example generation: list

Inductive listR (AB: Type) R: A — B — Fixpoint listM (A B : Type)
Type) : list A — list B — Type := (R: Param10.Rel A B) 1: list B :=
| nilR : listR A B R (listR A B R nil nil) match 1 with
|consR:vab,Rab | nil => nil
— Vlalb,listRABRIalb lconsal =>cons (map Ra) (listM ___ R1)
—> (listR A B R (cons a la) (cons b 1b)). end.
Definition list. mR (A B : Type) (R : Definition List Rm (A B : Type) (R:
Param2a0.Rel AB):VIalb,listMABRIla=1b Param2b0.Rel A B):
— List RABRIlalb. vlalb, List RABRIlalb — List_ mymap A B
Rla = Ib.

Definition List. mRRmK (A B : Type) (R : Param40.Rel A B)lalb (IR : List R A B R la Ib),
List mR ABRlalb (List Rm A BRlalbIR) = IR.
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