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Abstract

This submission describes an extension of the TrocQ plugin for
proof transfer. It automates the generation of the lattice of para-
metricity translations from the TrocQ hierarchy for a significant
class of inductive types, thus removing this burden from the user.
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1 Introduction

Even in major interactive theorem provers, the bureaucracy of
proof transfer between different representations of the same con-
cept remains one of the main sources of frustrating bureaucracy in
formal proofs. For instance, applying a lemma about sequences of
integers, of type list Z, to a sequence of natural numbers, of type
list nat, may well span several lines in a proof script. Implemen-
tations of parametricity translations for the Calculus of Inductive
Constructions, such as paramcoq [3] or univalent parametricity [6],
can be used to automate such mundane proof steps, by assembling
automatically the essential building blocks of these transfer proofs.
The recent TRocQ plugin [2] can actually compute proofs of im-
plications justifying the transfer of a goal from type list Z to
type list nat, provided a proof of the embedding relation from
type nat into type Z and a proof that the polymorphic type list
propagates this relation pairwise, as expected.

While the former proof probably has to be implemented "by
hand", the latter can actually be automated by a systematic process,
driven by the syntactic definition of the inductive type 1ist. Sadly
as of today, users still have to prove all these building blocks by
hand to benefit from the univalent parametricity of TRocQ. More
precisely, for any type T used in a goal, the user has to make sure
that a relation [T] is known to the plugin, which satisfies the
corresponding instance of the abstraction theorem. This work gen-
eralizes existing plugins, such as DERIVE [8], for computing the
parametricity translation of a substantial class of inductive types,
into an extension to the translations involved in the Trocq plu-
gin. This class includes polymorphic recursive types, but not type
families.

2 Context

To keep the presentation self-contained we remind some of the
TrocQ’s [2] definitions.

Definition 2.1. For any types A, B: O, arelationR: A — B — 0O,
is a univalent map, denoted IsUmap(R) when there exists a function

m : A — B together with:
g1:1l(a:A)(b:B).ma=b—>Rab
and g, :II(a: A)(b:B).Rab—>ma=5b
such that TI(a: A)(b: B).(g1ab)o (g2 ab) = id.

The definition of a univalent map consists of four pieces of data:
the maps m, g1 and g2, and a coherence property between g1 and
g2. The coherence depends on the three formers, while g1 and g2
depend on the map m. These dependencies enable the description

of a hierarchy for which the amount of data indicates how close
the relation is to being a univalent map.

Definition 2.2. For n € {0, 1, 2,, 21, 3,4}, each M; defines a class
of maps in the hierarchy follows:'

MogRZ.
MR % (A — B)
My, R23m:A— B.Gy, mR

with G, mR £ Ilab.ma=b —>Rab
My R=3m:A — B.Gy mR

with G, mR =1lab.Rab —>ma=»b
MsR2Sm: A — B.(Gy, mR) x (Gy, mR)

M4RéZmA—>BZ(g1 ZGza mR)Z(gg Zsz mR)G4 mdgi g2

with Gy mg; g, = llab. (g1 ab)o (g2 ab) = id

Similarly, this hierarchy of maps enables the definition of a hier-
archy of relations.

Definition 2.3. Forn, k € {0, 1, 2,, 2, 3,4}, and @ = (n, k), relation
B* : O — O — 0O, is defined as:

@* 2 A(AB:0).%(R: A— B—0O).Class, R

where the map class Class, R itself unfolds to a pair type (M,, R) X
(Mg R™1), with R™1 just swapping the order of arguments for R.

Logical equivalence pertains to Classy,1), Class(4) describe uni-
valent maps, Class(4,3,) and Class(y ) characterize univalent maps
with an explicit partial left and right inverse, respectively. The rela-
tion between nat and Z alluded in the introduction is an instance
of Class(4,). Last, Class(44) characterizes type equivalences.

We now present the set of inductives for which our algorithm
is defined. The algorithm we propose targets recursive inductives
with type parameters, that does not use indices, nor nesting, nor
non-uniform parameters.

Definition 2.4. For n,k € N, and for i € {1,....k}, ¢; € N. We
describe an inductive type I, with n type parameters, k constructors

!For the sake of readability, we omit implicit arguments, e.g., although M; has type
AMNL'T, : 0).(Ty » T, —» 0) — O, we write My, R for (M,, ABR).



with ¢; arguments each, and every constructor argument a; ; of
type T;j and j € {1,...,¢;}, as follows.

I(A;:0O,..,A, :0) : O

[Ki(ai : i) (e : Tiey)

|Kk (k1 : Tea) - (akey * Ther)

We allow types Tj ; to be part of the type parameters, or to refer
to a previously defined type. We write A to denote Ay, .., A, for
readability.

3 The algorithm

Our algorithm allows us to inhabit the following type:
II(AB:0O)(R:A— B— O)(Ri: @ AB). (1)
@ (1A) (IB)
The difficulty comes from the fact that we want to proceed
gradually, as opposed to applying weakening. One thus has to
design Gy, and G, foreseeing that their composition has to cancel
out when building the respective My. If one eliminates the identity
in Gy,, or returns a complex identity in Gy, , the composition gets
blocked on reduction. The goal of the algorithm is to avoid that

situation. To address this issue we design maps that compute, i.e.,
maps returning a term whose head is not the result of a transport.

with i € {0,1, 2, 2, 3,4}

4 A concrete example

For illustration purposes, we show the terms our algorithm automat-
ically generates for the inductive list. Their generation requires
some boilerplate, thus for some terms we only specify their types.
We proceed using a bottom-up approach, that is, we focus on build-
ing the terms incrementally, from maps Classgo R up to Classsg R.

We use the parametricity translation of lists as the relation to be
equipped with the univalent map pieces of data.
Inductive 1listR (A B : Type) (AR: A -> B -> Type)

list A -> list B -> Type :=
| nilR : 1listR A B AR nil nil
| consR : forall a b aR 1 1' IR,

listR A B AR (cons a 1) (cons b 1'")

As a map, we use the map for lists, spelled out using TrROCQ’s
hierarchy, that is, we use a relation @9 A B instead of a function
of type A — B.

Fixpoint map_list (A B :

(1: list A) list B :=

match 1 with

| nil => nil

| cons a1 => cons (map AR a) (map_list
end.

Type) (AR : Paraml1@.Rel A B)

_ARD

With these two definitions we generate the following terms:
Fixpoint map_in_R_list (A B : Type)
(AR : Param2a@.Rel A B) (1 : list A) (1°' list B) :
map_list ABAR1 =1" ->1listRABAR11"'.

(x...%)
Defined.
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Fixpoint R_in_map_list (A B : Type)

(AR : Param2b@.Rel A B) (1 : list A) (1' list B)
(IR : 1istRAB AR 1 1') : map_list ABAR 1 =1".
(*...%)

Defined.

Fixpoint map_in_RK_list (A B : Type)
(AR : Param4@.Rel A B): forall (11 list A)
(12 : list B) (1R: listR A B AR 11 12),
map_in_R_list _ _ AR 11 12
(R_in_map_list _ _ AR 11 12 1R) = 1R.
(*...%)
Defined.

5 Implementation

We implement this algorithm in the Rocq prover [9] using Rocg-
Elpi [7], building on top of the DERIVE plugin described in [8]. The
parametricity translation is generated using PARAM2, implemented
by Cyril Cohen. Our implementation of the map m is a modification
of DERIVE’s algorithm for generating a map.

Our implementation is available at
https://github.com/Tvallejos/trocq/tree/rocqpl-26. The directory
std/algo/elpi/ contains the implementation of the parametricity
translation for the hierarchy of TrRocQ. Examples on how to use it
can be found in the std/algo/tests directory.

6 Conclusion and related work

Parametricity translations for dependent types [1, 4] allow proofs
to be transferred in proof assistants. The work of Tabareau et al.
in [5, 6] allows proof to be transfered under type equivalences, albeit
using the univalence axiom[10]. Newer frameworks, also exploiting
parametricity to perform proof transfer, such as Trocg [2], have
unified the transfer across type equivalences and weaker relations,
while avoiding the use of univalence where it is not needed.

Our work bridges an automation gap for deriving the parametric-
ity translation for inductives in TRocQ’s hierarchy, making proof
transfer more usable. Up to our knowledge, no similar automation
exists for other implementations of parametricity models, including
the univalence translation.
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